Abstract: One of the natural ways to prove that the Hall words (Philip Hall, 1933) consist of a basis of a free Lie algebra is a direct construction: to start with a linear space spanned by Hall words, to define the Lie product of Hall words, and then to check that the product yields the Lie identities (Marshall Hall, 1950). Here we suggest another way using the Composition-Diamond lemma for free anti-commutative (non-associative) algebras .
Introduction
The history of the Hall basis (M. Hall, 1950 , [8] ) of a free Lie algebra is rather peculiar. P. Hall (1933, [7] ) invented the basic commutators for a free group. From his paper, it followed that any element of a free Lie algebra is a linear combination of the basic Lie commutators. W. Magnus (1937, [10] ) and E. Witt (1937, [17] ) proved that the Lie algebra obtained from a free associative algebra is free. By the way, a simple proof of this result had been lately found by A.I. Shirshov [13] (using Lyndon-Shirshov words). Using this result, E. Witt found the Witt formula for dimension of L n /L n−1 , where L 2 Direct construction of a free anti-commutative algebra AC(X)
Let X = {x i |i ∈ I} be a well ordered set, X * the set of all associative words u in X, and X * * the set of all non-associative words (u) in X. We assume (u) as a bracketing of u. As a rule, we will omit "non-associative" in the expression "non-associative word". 
It is clear that the order "<" on N is a well order. This order is called deg-lex (degreelexicographical) order and we use this order through this paper.
Let k be a field and AC(X) be a k-space spanned by normal words. Let us define the product of normal words by the following way:
Remark By definition, for any (u) ∈ X * * , there exists a unique [v] ∈ N such that (u) = ±[v] or 0. We will denote [v] by (u) sometimes if (u) = 0. Theorem 2.1 (A.I. Shirshov, [12] ) AC(X) is a free anti-commutative algebra generated by X.
are normal words. Then
So, AC(X) is an anti-commutative algebra. We will prove AC(X) is free on X. Let A be an anti-commutative algebra and ξ be a map from X to A. Then we definē
where [x i 1 x i 2 · · · x in ] is a normal word. It is easy to check thatξ is the unique algebra homomorphism such thatξ
where i : X → AC(X) is the including mapping. This completes our proof.
Composition-Diamond Lemma for AC(X)
In this section, we establish Composition-Diamond lemma for the free anti-commutative algebra AC(X).
is a normal word } and " < " be the deg-lex order on N as before. It is easy to check that " < " is a monomial well order in the following sense:
where
. As a result, we have:
Given a polynomial f ∈ AC(X), it has the leading word [f ] ∈ N according to the above order on N, such that The S-length of an S-word (u) s will be denoted by |u| s .
Let f, g be monic polynomials in AC(X). Suppose that there exist a, b ∈ X * such that We note that
Given a nonempty subset S ⊂ AC(X), we shall say that the composition (f,
where each
In general, for p, q ∈ AC(X), we write
Definition 3.3 Let S ⊂ AC(X) be a nonempty set of monic polynomials and the order "<" as before. Then the set S is called a Gröbner-Shirshov basis, if any composition
. Now we consider the following three cases:
Lemma 3.5 Let (u) s be an S-word. Then (u) s has a representation:
where each α i ∈ k and [u i ] s is normal s-word.
Proof. We use induction on |u| s . If |u| s = 1, then (u) s = s and the result holds. If
The other one is similarly proved. By induction, 
where each 
So, by Lemma 3.4 again, we get the result.
Lemma
Proof. By induction on |u| s and Lemma 3.4, we may easily get the result. for some c ∈ X * , and so,
, and by the Lemma 3.6, we conclude that
Case 2. Suppose that the subwords 1 of w containss 2 as a subword. We assume that
for the normal S-word [as 2 b]. We have
Lemma 3.9 Let S ⊂ AC(X) be set of monic polynomials and Red(S)
where each α i , β j ∈ k, [u i ] ∈ Red(S) and [a j s j b j ] normal S-word.
, then there exist some s ∈ S and [14] ) Let S ⊂ AC(X) be a nonempty set of monic polynomials and the order " < " as before. Then the following statements are equivalent:
s ∈ S and [asb] is a normal S-word} is a basis of the algebra AC(X|S).
Proof. (i) ⇒ (ii). Let S be a Gröbner-Shirshov basis and 0 = f ∈ Id(S). We can assume, by Lemma 3.5, that
We will use the induction on l and [
and hence the result holds. Assume that l ≥ 2. Then, by Lemma 3.8, we have
Thus, if α 1 + α 2 = 0 or l > 2, then the result holds. For the case α 1 + α 2 = 0 and l = 2, we use the induction on [w 1 ]. Now, the result follows.
Now, by using induction on [f ], we have (ii)
′ .
(ii) ′ ⇒ (ii). This part is clear.
(ii) ⇒ (iii). Suppose that
Then all α i must be equal to zero. Otherwise,
for some j which contradicts (ii).
Now, for any f ∈ AC(X), by Lemma 3.9, we have
So, (iii) follows.
(iii) ⇒ (i). For any f, g ∈ S , by Lemma 3.9, we have
Since (f, g) [w] ∈ Id(S) and by (iii), we have
Therefore, S is a Gröbner-Shirshov basis.
Gröbner-Shirshov basis for a free Lie algebra
In this section, we represent the free Lie algebra by the free anti-commutative algebra and give a Gröbner-Shirshov basis for a free Lie algebra. The proof of the following theorem is straightforward and we omit the detail.
Theorem 4.1 Let AC(X) be free anti-commutative algebra and let
Then the algebra AC(X|S) is the free Lie algebra generated by X.
We now cite the definition of Hall words by induction on length:
1) x i is a Hall word for any x i ∈ X.
Suppose we define Hall words of length < n. 
has the same length as [u] . Proof. Since S 0 is a subset of S, it suffices to prove that AC(X|S 0 ) is a Lie algebra. We need only to prove that, in AC(X|S 0 ),
. By Lemma 4.3, it suffices to prove
. This is trivial by the definition of S 0 . Theorem 4.5 Let the order " < " be as before and 
where u, v, w are Hall words and u > v > w. It is easy to check that f uvw = uvw. Suppose f u 1 v 1 w 1 is a subword of f uvw . Since u, v, w are Hall words, we have u 1 v 1 w 1 = uv, u = u 1 v 1 and v = w 1 . We will prove that the composition
Firstly, we prove that the following statements hold mod(S 0 , uvw): We only prove 5). 1)-4) are similarly proved to 5) and 6)-8) follow from ELW's of S 0 . By ELW's of S 0 , we may assume, without loss of generality, that vw is a Hall word. It's easy to check 5) This completes our proof.
